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Introduction
Mean-variance analysis is the cornerstone of modern finance. Markowitz (1952) provides a rigorous framework to consider the risk-return tradeoff, and a methodology to construct optimal portfolios. Although the mean-variance analysis is used pervasively in the academia, the main difficulty in its practical implementations stems from the estimation error or parameter uncertainty problem (Brandt, 2009) . Good estimates of the first and second moments are necessary for mean-variance optimization to provide reasonable portfolio weights. An alternative to the mean-variance framework is the naïve equal-weight portfolio investing 1/N of total wealth in each of the N assets, which can be found in the ancient Babylonian Talmud 1500 years ago and has been observed for individual investors in modern times (Benartzi and Thaler, 2001; Huberman and Jiang, 2006; Brown et al., 2007) . The 1/N rule does not require parameter estimation and it has been shown that the mean-variance strategies cannot beat the 1/N rule in a strand of literature including, among others, DeMiguel et al. (2009) , casting doubts upon the practical usefulness of the Markowitz framework.
We evaluate the performance of the 1/N rule relative to a broad set of mean-variance strategies and provide three new findings. We present an analytical expression to understand the performance of the 1/N rule. If the Capital Asset Pricing Model (CAPM) holds, for instance, the market portfolio coincides with the ex ante tangency portfolio, which has the highest possible Sharpe ratio. With low idiosyncratic volatility relative to market volatility and a large number of assets, the Sharpe ratio of the 1/N rule approaches that of the market portfolio. In this case, the 1/N rule is likely to outperform sample-based mean-variance strategies, which are plagued by estimation errors. Our analytical expression provides an explanation for the excellent performance of the 1/N rule in DeMiguel et al. (2009) without resorting to simulations.
We show that the mean-variance strategies can beat the simple 1/N rule when the CAPM does not hold, even with a large N. Deviations relative to the CAPM (mispricings or alphas) imply the market portfolio is no longer mean-variance optimal. Whereas the Sharpe ratio of the 1/N rule still approaches that of the market portfolio, the mean-variance strategies can exploit the mispricing to form portfolios with higher Sharpe ratios. Holding N constant, for sufficiently large mispricings, mean-variance strategies will outperform the 1/N rule. As the number of assets N increases, there is a tradeoff between precisely estimating the covariance matrix and exploiting mispriced assets. Our simulations show that, given sufficiently large deviations from the cross-sectional asset-pricing model, an increase in the number of securities will cause meanvariance strategies to outperform the 1/N rule. This result overturns the findings in DeMiguel et al. (2009) 1 but is consistent with Huberman and Jiang (2006) 2 . Although we use the CAPM as a benchmark model in our analysis, our results hold under more general models including the French (1992, 1993) and Carhart (1997) models.
Not all mean-variance strategies are able to beat the 1/N rule. Estimation errors in the sample means have a greater influence on the performance of mean-variance strategies than the ones in the sample covariance matrix. As a result, the literature has shifted attention from mean-variance strategies to minimum-variance strategies (Green and Hollifield, 1992; Jagannathan and Ma, 2003; Ledoit and Wolf, 2003; DeMiguel et al., 2009) 3 . However, Wang et al.
1 DeMiguel et al. (2009) 
note "What is N? That is, for what number and kind of assets does the 1/N strategy outperform other optimizing portfolio models? The results show that the naive 1/N strategy is more likely to outperform the strategies from the optimizing models when: (i) N is large, because this improves the potential for diversification, even if it is naive, while at the same time increasing the number of parameters to be estimated by an optimizing model; (ii) the assets do not have a sufficiently long data history to allow for a precise estimation of the moments."
2 Huberman and Jiang (2006) note in their abstract that "Records of over half a million participants in more than 600 401(k) 
plans indicate that participants tend to allocate their contributions evenly across the funds they use, with the tendency weakening with the number of funds used".
3 Minimum-variance strategies can be seen as a special case of the mean-variance strategies. For instance, 3 (2015) suggest that it is difficult to find a strategy under the minimum-variance framework that reliably outperforms the naïve 1/N strategy. In our simulations, the 1/N rule consistently outperforms several variations of the minimum-variance portfolio, including the true minimumvariance portfolio based on population moments. This is not surprising, as the minimumvariance portfolios are designed to have the lowest feasible variance, but not necessarily the highest Sharpe ratio.
We confirm our simulation results through an empirical investigation using the size and book-to-market portfolios, the Fama-French factors, and the industry portfolios. Although DeMiguel et al. (2009) The central intuition for our findings is based on the tradeoff between the exploitation of mispricing and sampling variation in estimated parameters when comparing mean-variance strategies against the 1/N rule. In the absence of mispricing, estimation errors cause the mean-variance strategies to under-perform the 1/N rule. Mispricings provide mean-variance strategies an advantage over the 1/N rule in that mean-variance strategies can benefit from mispricing through intelligently changing the portfolio weights to increase expected returns.
This advantage and the disadvantage from estimation errors both increase with the number of investable assets, and the former dominates given sufficiently large mispricings. Such a tradeoff does not apply to minimum-variance strategies, which do not exploit mispricing to increase DeMiguel et al. (2009) 
note "Also, although this strategy does not fall into the general structure of mean-variance expected utility, its weights can be thought of as a limiting case of Equation (3), if a mean-variance investor either
ignores expected returns or, equivalently, restricts expected returns so that they are identical across all assets". expected returns. By construction, the minimum-variance portfolios are only concerned about risk and ignore the information from the expected returns.
Our paper most closely relates to DeMiguel et al. (2009 ), Tu and Zhou (2011 ) and Wang et al. (2015 . DeMiguel et al. (2009) compare the 1/N rule against mean-variance strategies and find that the mean-variance strategies can hardly beat the 1/N rule. We uncover the important role of the zero mispricing in their study with a closed-form expression, and overturn their result that the mean-variance strategies cannot beat the 1/N rule when N is large by introducing deviations from the cross-sectional model. Whereas Tu and Zhou (2011) advocate the better performance of their newly proposed combination rules under non-zero mispricing,
we ask if other mean-variance strategies also outperform and investigate the size of mispricing required for outperformance relative to the 1/N rule. Wang et al. (2015) suggest that the minimum-variance strategy cannot outperform the naïve 1/N strategy in a two-asset case when hedging the underlying returns with futures. We extend their asset allocation exercise to more assets and confirm their findings in a more general case.
Our first result from simulationsthat, mean-variance strategies can beat the simple 1/N rule in the presence of mispricing was originally suggested by Tu and Zhou (2011) . We include this result here for two reasons. First, it provides a very useful springboard for our two other contributions, namely the analysis of the impact of the number of investable assets (N) and the performance of the minimum-variance strategies. Second, we are able to offer a theoretical reasoning framework with some closed-form results which document all the factors attributing to the excellent performance of the 1/N rule in DeMiguel et al. (2009) . As part of our theoretical reasoning framework, we show that, there is a tradeoff between accurately estimating the covariance matrix and exploiting mispricing when comparing the mean-variance strategies against the 1/N rule a result that is interesting in its own right and that is new to the literature.
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Our paper also relates to the broader literature comparing mean-variance strategies against the 1/N rule. A strand of literature examines this question by taking the perspective of the mean-variance strategies, using the 1/N rule as the benchmark. This strand of literature commonly attributes the under-performance of the mean-variance strategies to estimation errors: Brown (1976 Brown ( , 1979 , Jobson and Korkie (1980) , Michaud (1989) , Jorion (1992) , Duchin and Levy (2009), and Moorman (2014) are some examples that do so. In contrast, a small but growing literature, to which our paper belongs, investigates this question from the perspective of the 1/N rule (Pflug et al., 2012) . While there is a large literature aiming to beat the 1/N rule through developing more advanced strategies (Tu and Zhou, 2011; Kirby and Ostdiek, 2012) , we seek to understand the different environments in which mean-variance strategies would be useful.
Finally, our paper also connects to the literature about active management and passive management in the markets with the various extents of efficiency. Based on our results, we conjecture that mean-variance strategies should be more successful in emerging markets (EMs) than in developed markets (DMs) as it is more likely to have larger mispricing in EMs than in DMs. We do not empirically test this conjecture in this paper, as there are ample evidence presented in a long line of literature such as Harvey (1995) , Morck et al. (2000) , Van der Hart et al. (2003) , and Griffin et al. (2010) . A recent example is Dyck et al. (2013) The paper proceeds as follows. In section 2, we put forward an analytic expression to understand the relative performance of the 1/N rule versus the mean-variance strategies. Section 3 describes the portfolio rules we consider. Section 4 presents the results of our portfolio rules from simulations. Section 5 affirms our simulation results using real data. Section 6 discusses the robustness of our simulation setting. Section 6 concludes.
The Role of Mispricing
In this section, we derive analytical expressions to understand the relative performance of the 1/N rule versus the mean-variance portfolios. Suppose there is a risk-free asset, and N risky assets. Let R mt denote the excess return on the market portfolio over the risk-free rate, and R t be the N × 1 vector of excess returns of the risky assets. Suppose the Capital Asset
Pricing Model (CAPM) describes the cross-section of average returns. R t can be written in the market model of Sharpe (1963 Sharpe ( , 1964 :
where α is the N × 1 vector of intercepts (mispricings), β is the N × 1 vector of betas, and ε t is the N × 1 vector of errors. Suppose the market model is the true factor model, and ε t has a diagonal covariance matrix Σ ε whose diagonal elements are
. The mean and covariance matrix of the risky assets are as follows:
Treynor and Black (1973) show that Sharpe ratio of the mean-variance optimal portfolio p, sr p , has the following relationship with the Sharpe ratio of the market portfolio sr m and 7 appraisal ratios sr i of individual assets:
where
is the mispricing relative to the CAPM over the standard deviation of the mispricing.
When the CAPM Holds
Suppose the CAPM holds, the mispricing α = 0. It follows from Equation (4) that the second term on the right-hand side is zero and the mean-variance optimal portfolio is the market portfolio. We can express the Sharpe ratio of the 1/N rule as follows:
For α = 0, Equation (5) can be written as the following:
β i /N is the average of the betas in the market. In a well-diversified portfolio,β approximately approaches 1. The Sharpe ratio of the 1/N portfolio and the market portfolio differs by a scale factor
If the CAPM holds, the market is the mean-variance efficient portfolio with the highest Sharpe ratio. It follows from Equation (6) that the Sharpe ratio of the 1/N portfolio approaches that of the market portfolio under two conditions: (i) The average idiosyncratic volatility is low relative to the market volatility, and (ii) The number of assets, N, is large. The first condi-tion means that, if portfolios are already well-diversified, the advantage of the mean-variance portfolios relative to the 1/N rule is small. The second condition states that, if the number of assets is large, mean-variance analysis needs to estimate many parameters, and the potential estimation errors make the mean-variance portfolios unattractive relative to the 1/N rule.
These conditions help understand the findings in DeMiguel et al. (2009) , who claim that the 1/N rule performs better selecting portfolios rather than individual assets. Portfolios tend to have lower idiosyncratic risk compared to individual securities, which according to our first condition, makes the 1/N rule more attractive relative to the mean-variance analysis. DeMiguel et al. (2009) also find that the 1/N rule works better when N is large, which corresponds to our second condition. Our analytical expression offers a simple way to understand these results without simulations.
When the CAPM does not Hold
If the mispricing α ̸ = 0, the CAPM does not hold, and the market portfolio is not necessarily mean-variance efficient. Under the two conditions from the previous section, the Sharpe ratio of the 1/N portfolio still approaches that of the market portfolio. Since the market portfolio no longer has the highest Sharpe ratio, it is possible for mean-variance strategies to outperform 1/N. The question becomes a quantitative one: How large do the CAPM deviations, the mispricing α, have to be for the mean-variance portfolios to outperform the 1/N rule? We offer some intuitions here for the relative performance of the 1/N rule versus the mean-variance strategies, and make the claims more concrete in the next section.
Condition (i) does not offer the 1/N rule such a significant advantage when the CAPM fails to hold. Although the 1/N portfolio still approaches the market portfolio under Condition (i) when the CAPM does not hold, the market portfolio is no longer optimal as it does not make use of the non-zero mispricings at all. In contrast, the mean-variance portfolios are able to exploit the non-zero mispricings by adjusting the portfolio weights according to the sign 9 and magnitude of individual mispricing α i , which renders the mean-variance portfolios an advantage over the 1/N rule.
Condition (ii) also fails to help the 1/N rule in the presence of a non-zero mispricing α.
When the number of assets N is large, the performance of the mean-variance portfolios relative to the 1/N rule hinges on a tradeoff. On the one hand, the mean-variance analysis must estimate many parameters in the covariance matrix. On the other hand, conditional on a good covariance matrix estimate, mean-variance strategies can optimally choose weights in accordance with the mispricing α to improve the expected return of the portfolio. The former makes it more difficult for the mean-variance portfolios to outperform the 1/N rule, whereas the latter offers the mean-variance portfolios an advantage, and it becomes an empirical question which effect is stronger.
Portfolio Rules
We examine a variety of portfolios construction rules used in the literature to compare the performance of the mean-variance strategies with the one of the 1/N rule. We do not consider the shortsale-constrained portfolios in DeMiguel et al. (2009) , as Jagannathan and Ma (2003) have shown that imposing such a constraint is equivalent to shrinking the covariance matrix which improves the results for the mean-variance strategies. We want to focus on the role of mispricing, and understand how the mean-variance strategies could outperform the 1/N rule without relying on superior covariance matrix estimates. Including shortsale constraints in our studies is likely to improve the performance of the mean-variance strategies relative to the 1/N rule, which will confound our understanding of the role of mispricing. We also do not evaluate the models in Best and Grauer (1992) , Chan et al. (1999) , Ledoit and Wolf (2004a,b) , and Jagannathan and Ma (2003) for the same reason.
Following DeMiguel et al. (2009) , we report results neither for the purely statistical ap-proach relying on Bayesian diffuse-priors (Barry, 1974; Bawa et al., 1979) , nor for the multiprior robust portfolio rules such as the one in Garlappi et al. (2007) . Regarding Tu and Zhou (2011) , we consider the optimal combination of the 1/N rule and the sample tangency portfolio, and the optimal combination of the 1/N rule and the portfolio in Kan and Zhou (2007) , because they are the only ones analytically tractable and considered in more recent literature such as Moorman (2014). We also exclude portfolios rules that do not require optimization and covariance matrix inversion, the two most notable characteristics of the mean-variance portfolios, such as the ones in Kirby and Ostdiek (2012) . As a result, we focus on 12 portfolios rules in total as described below.
Naïve Diversification ("naïve")
Naïve diversification calls for equal dollar amounts allocated among the N risky assets:
This is an equal-weight portfolio rebalanced constantly. No parameter estimation or portfolio optimization is necessary. In theory, naïve diversification deviates from the mean-variance optimal portfolio and thus has suboptimal performances. In practice, its performance depends on the tradeoff between its deviation from the ex ante tangency portfolio and its immunity to estimation risk. We call this strategy the "naïve" portfolio.
The Tangency Portfolio ("True" and "Sample")
From mean-variance theory, the tangency portfolio provides the highest Sharpe ratio of any feasible investment combination. If an investor invests x in N risky assets, and
in the risk-free asset, the relative weights in the investor's portfolio with risky assets is
where the absolute value guarantees the relative weights w have the same sign as x.
Mean-variance optimization can be motivated from a quadratic utility function:
where γ is the risk-aversion coefficient. The mean-variance optimal portfolio is the tangency portfolio, with weights:
To operationalize the tangency portfolio, we need estimates for µ and Σ. The following sample analogues are often used:
Sometimes T or T − 1 will be used in T − N − 2 forΣ. All three are unbiased asymptotically and do not differ much for a large T.
We examine two constructions of the tangency portfolio. The ex ante (true) tangency portfolio is obtained by substituting in the true population mean returns and covariance matrix into Equation (10). The sample tangency portfolio uses estimates from Equation (11) in place of population moments. We call these the "True" and "Sample" portfolios. Minimum-Variance Portfolio ("min_True" and "min_Sample") The global minimum-variance portfolio is the portfolio of risky assets with the lowest possible variance. The set of portfolio weights is the solution to the following problem:
The Global
where Σ is the covariance matrix of risky assets. The solution is
If we had the population covariance matrix, Equation (13) calculates the ex ante global minimumvariance portfolio, "min_True". Using the sample covariance matrix yields the ex post global minimum-variance portfolio, "min_Sample".
The sample global minimum-variance portfolio differs from the sample mean-variance portfolio in that it only requires estimating the covariance matrix. Therefore, it is less prone to estimation errors. Merton (1980) argues that the covariance matrix can be more precisely estimated compared to sample means. However, the global minimum-variance portfolio does not possess the desired property of the ex ante highest Sharpe ratio like the tangency portfolio.
Jorion's (1986) Bayes-Stein Shrinkage Estimators ("Jorion")
Jorion (1986) reports that the tangency portfolio based on the Bayes-Stein estimators outperforms the global minimum-variance portfolio in terms of expected utility loss, using the following estimators for the mean vector and the covariance matrix:
The Bayes-Stein mean estimateμ bs shrinks the sample averageμ towardsμ min , the return on the sample global minimum-variance portfolio. We use the estimates from Equations (14) and (15) as inputs for the tangency portfolio in Equation (10). We call this portfolio "Jorion".
Bayesian Data-and-Model ("dm")
Pástor (2000) and Pástor and Stambaugh (2000) propose a Bayesian data-and-model portfolio construction which allows the investor to combine his confidence in an asset pricing model with the information from sample data. Suppose asset returns are generated by the market model as in Equation (1). Let β ,Σ ε and β ,Σ ε denote the maximum likelihood estimates for (β, Σ ε ) from Equation (1) Assuming a normal prior on α:
where τ is the precision of the prior belief in the CAPM. The priors on β, Σ ε , µ m , and σ 2 m are assumed to be independent and non-informative.
Wang (2005) shows that the Bayesian estimators of expected returns and covariance ma-trix can be written as follows:
The mean estimateμ dm shrinks the sample averageμ towardsβμ m , the maximum likelihood estimator obtained under the CAPM restriction. The shrinkage parameterδ is a decreasing function of τ. As τ approaches zero, the investor increasingly believes the CAPM holds exactly and estimates µ withβμ m . As τ grows large, the investor has little confidence in the CAPM and estimates µ with the sample averageμ. The estimator for the covariance matrix works similarly. We show the results from a weak belief in the CAPM with a large τ that we call the "dm" portfolio but our results also hold when we consider a strong belief.
MacKinlay and Por (2000) ("MacKinlay-Por")
MacKinlay and Pástor (2000) assume returns have an exact factor structure but one of the factors is unobserved. This implies a restriction that links the mispricing and the residual covariance matrix which they exploit to improve portfolio selection. Suppose returns R t follow 15 Equation (1). If the market factor is unobservable, the model becomes the following:
Assuming Φ = σ 2 I, where I is a conforming identity matrix, MacKinlay and Pástor (2000) derive the tangency portfolio:
We use the sample meanμ to form the "MacKinlay-Por" portfolio.
The assumption of an exact factor model may appear strong, but MacKinlay and Pástor (2000) show that the benefits of relaxing this assumption are small. Model misspecification is a big issue here. For our application, if the market model describes returns well, the MacKinlay and Pástor (2000) portfolio is likely to outperform. However, if the exact one-factor structure does not hold, this portfolio will not converge to the optimal one even as the sample size increases. This setup is similar to the Bayesian data-and-model portfolio with a strong belief in the CAPM.
Mixture of Minimum-Variance and the 1/N Portfolio ("ew-min")
Motivated by the difficulty in estimating expected returns, DeMiguel et al. (2009) consider a strategy that combines the minimum-variance portfolio with the 1/N rule. Covariances are relatively easier to estimate compared to expected returns, so one may want to make use of the covariance estimates but not necessarily the expected return estimates. The "ew-min" portfolio is given by the following
3.8. Kan and Zhou's (2007) Three-Fund Rule ("Kan-Zhou") If the estimation errors of two risky portfolios are not perfectly correlated, one can reduce the estimation errors by combining them. Kan and Zhou (2007) propose using the sample global minimum-variance portfolio to reduce estimation risk for the sample tangency portfolio.
Their portfolio can be expressed as the following:
Whereμ min is the excess return on the global minimum-variance portfolio. Kan and Zhou (2007) call their portfolio the three-fund rule since the investor should allocation his wealth into three funds: The sample global minimum-variance portfolio, the sample tangency portfolio, and the risk-free asset. As the number of assets relative to time (N /T ) grows, a larger fraction of wealth is allocated in the global minimum-variance portfolio as the tangency portfolio parameters become increasingly difficult to estimate.
We form the "Kan-Zhou" portfolio with the following estimates:
Combination of 1/N with the Sample Tangency Portfolio ("CML")
Tu and Zhou (2011) propose combining the 1/N rule with the sample tangency portfolio to reduce estimation risk. The resulting portfolio is as follows:
where B x (a, b) is the incomplete beta function as defined earlier. x e = 1 N /N for the 1/N portfolio andx * is the sample tangency portfolio. We call this portfolio "CML".
Combination of 1/N with the Three-Fund Portfolio ("CKZ")
Tu and Zhou (2011) also combine the 1/N rule with the three-fund rule proposed by Kan and Zhou (2007) . This portfolio has weights: (25) andη,π 2 , c 1 , andθ 2 are given in (28). We call this portfolio "CKZ". Table 1 provides a summary of all of the portfolios rules we consider. The 1/N rule is the only one that does not require parameter estimation.
Simulation
We simulate a panel of asset returns and form portfolios based on the rules described in the previous section. We evaluate their performance to determine the best portfolio rule.
Setup
We simulate monthly market returns R mt by drawing from a normal distribution with an annualized mean of 8% and standard deviation of 16%. Individual securities are generated from a market model. β is drawn from a uniform distribution from 0.5 to 1.5, Unif[0.5, 1.5].
Idiosyncratic errors ε are simulated from a multivariate normal distribution with zero mean and a diagonal covariance matrix. We simulate T = 1200 months with 10, 25, or 50 securities. Let the estimation window be L = {120, 240, ..., 1200} months used to estimate the portfolio weights in each portfolio rule.
Let s = {1, 2, ..., 12} denote the portfolio rules. We repeat our simulations 10000 times. 
The monthly Sharpe ratio of portfolio s is computed as the average cross 10000 simulations:
Results
In earlier sections, we showed analytically that the 1/N portfolio rule is unlikely to outperform mean-variance strategies when the CAPM does not hold. In this section, we investigate the quantitative implications of this claim. How large must the CAPM deviations be for the 20 mean-variance strategies to outperform the 1/N rule? How many observations do we need to obtain sufficiently accurate estimates for mean-variance portfolios to outperform? We present the Sharpe ratios of the 12 portfolios under different simulation environments to answer these questions. Table 2 Sample-based mean-variance strategies are able to outperform the 1/N rule for two reasons. First, with constant mean and covariance matrix, a long enough estimation window gives mean-variance strategies reliable inputs. Second, mean-variance strategies seek to attain the highest Sharpe ratio by trading off expected returns and volatility. These strategies exploit mispricings for higher Sharpe ratios.
In Panels C, D, E, and F, the range of mispricings relative to the CAPM is set to Unif[−i%, i%], Table 2 . This observation arises in the absence of mispricings where the ex ante tangency portfolio is the market portfolio and the contribution of each individual security to the optimal portfolio is small (Treynor and Black, 1973) . The Sharpe ratio of the 1/N rule increases from 13.45% for 10 securities to 13.99% for 25 securities, because a larger number of securities allows for better diversification. Most of the sample-based strategies have lower Sharpe ratios than the case with 10 securities, because estimation errors become more important with additional securities. In Panel A, no samplebased strategy outperforms the 1/N rule.
If the CAPM does not hold (Panels B through F), the Sharpe ratio of the ex ante tangency portfolio increases with the number of investable securities (N ), especially when mispricings are large. With more securities to choose from and larger mispricings to exploit, the ex ante tangency portfolio can achieve increasingly higher Sharpe ratios. From Panel B to Panel F, the ex ante tangency portfolio has larger Sharpe ratios in Table 3 than in Table 2 . Compared to the 1/N rule, the ex ante tangency portfolio has Sharpe ratios that are more sensitive to the number of securities (N ).
Although the ex ante tangency portfolio has a Sharpe ratio increasing in N , this increase does not necessarily translate into sample-based mean-variance strategies. The difficulty is that a larger N also imply a greater number of parameters, which exacerbates the estimation error problem. As N grows, there is a tradeoff between accurately estimating the covariance matrix and exploiting mispricings. The former makes it more difficult to achieve a high Sharpe ratio, whereas the latter offers mean-variance strategies an advantage over the 1/N rule. In our simulations, for small deviations from the CAPM (less than 3%), estimation errors dominate when the estimation window is short. As N increases, the mispricing-exploitation effect dominates. Given a sufficiently large mispricing, sample-based strategies can outperform the 1/N rule. Table 4 presents the results for 50 securities. The takeaways are qualitatively similar to those for 25 securities versus 10 securities: As the mispricing relative to the CAPM increases in magnitude, more and more sample-based mean-variance strategies are able to outperform the 1/N portfolio rule. Quantitative, the ex ante tangency and other mean-variance portfolios have much higher Sharpe ratios than the case with 25 or 10 securities as it exploits mispricings in more securities, and the increase in the Sharpe ratio for the ex ante tangency and other mean-variance portfolios from 25 to 50 securities in the presence of mispricing is much greater than the increase in Sharpe ratios for the 1/N rule. The overall robustness of our results are not affected by transaction costs, due to the huge differences between the Sharpe ratios of the mean-variance strategies and the 1/N rule (in many cases in Table 4 , the Sharpe ratios for the sample-based mean-variance portfolios doubles the ones for the 1/N rule and approaches the one for the textitex ante efficient mean-variance strategy). For brevity we follow Tu and Zhou (2011) and omit the results when we take transaction costs into account. Furthermore, transaction cost varies substantially in the types, locations and other characteristics of investors.
As noted by Kirby and Ostdiek (2012) , Transaction costs might be less of an issue for large institutional investors. Establishing or liquidating a portfolio position could plausibly cost as little as 5 bp for such investors. A natural implication, of course, is that the mean-variance strategies may work better for institutional investors.
Empirical Application
To illustrate our idea empirically, now we apply the 12 portfolio rules to real data sets used in DeMiguel et al. (2009) and Tu and Zhou (2011), as well as the Fama-French 25 size and value portfolios, the Fama-French 49 industry portfolios, the French (1992, 1993) factors, and the Carhart (1997) factors 4 .
The key insight underlying our empirical application is simple. The data in DeMiguel et al. We report monthly Sharpe ratios in Table 5 Several interesting findings can be observed in Table 5 . First, we find at least some of the mean-variance rules, including "Jorion", "Kan-Zhou, and "CKZ", are able to outperform the 1/N rule in all nine sets of assets considered, with the number of assets N ranging from N=3 to N=53. Second, as the number of assets N increases, both the 1/N rule and the mean-variance strategies have an increasing Sharpe ratio, but the mean-variance strategies show larger increases. For instance, when the number of assets N increases from 21 to 29, the Sharpe ratio of the 1/N rule increases about 10%, whereas the Sharpe ratios of the majority of the meanvariance rules nearly double. Third, the minimum-variance strategies cannot outperform the 1/N rule in most cases except for N=3 and N=4, when the assets are the French (1992, 1993) factors or Carhart (1997) factors. This result is probably due to the very small number of assets under consideration, combined with the fact that these factors have a relatively similar magnitude of the expected returns. In comparison, for the other sets of assets, we find negative Sharpe ratios for minimum-variance strategies.
To sum up, we confirm our three main findings using the actual rather than simulated of the well-diversified portfolios, which is consistent with our theoretical predictions.
Robustness
To illustrate our idea, we used simulated data in which the benchmark asset-pricing model pricings, the number of investable securities, and the length of estimation windows. We address these concerns in order.
We consider more complex models including the French (1992, 1993) and Carhart (1997) models, and find our results qualitatively unchanged. Until the empirical section, we have used the CAPM as our benchmark model: Mispricings were measured relative to the CAPM. Two issues arise: It is possible that the performance of some portfolio rules depends on the model specifications, and it is well-known that the CAPM is not able to capture the cross-sectional differences in average returns French, 1992, 1993; MacKinlay, 1995) . We consider the French (1992, 1993) and Carhart (1997) models in place of the CAPM as the true factor model. Of the 12 portfolio rules, only the dm and MacKinlay-Por portfolios are quantitatively affected, probably because their sample estimates depend on the underlying factor structure of returns.
We also examine non-normal return distributions. In our benchmark results, we used multivariate normal returns similar to the simulation settings in DeMiguel et al. (2009) and Tu and Zhou (2011). However, as asset returns deviate from normality, the covariance matrix becomes more difficult to estimate, making sample-based strategies less desirable. To address this problem, we hold the expected returns and volatility constant but increase the excess kurtosis to 4
by sampling market errors (mispricings) from Student-t and Normal Inverse Gaussian (NIG) distribution 5 . We repeat our simulations and find our results qualitatively unchanged. Table 6 and 7 report the Sharpe ratios when we sample market errors from an NIG distribution with zero mean and skewness, standard deviation = 0.2, and excess kurtosis = 4, when N = 25 and 50, respectively. When we increase the excess kurtosis to 11, it takes roughly an additional 120 months for sample-based mean-variance strategies to outperform the 1/N rule.
We also examine the case of time-varying idiosyncratic volatility. In our benchmark results, we used the assumption of constant volatility similar to the simulation settings in DeMiguel et al. (2009) and Tu and Zhou (2011) . However, it is widely known that the asset idiosyncratic volatility is time-varying and subject to a Generalized AutoRegressive Conditional Heteroscedasticity (GARCH) process. In the presence of time-varying volatility, the covariance matrix becomes more difficult to estimate, making sample-based strategies less desirable. To address this problem, we alternatively assume that the idiosyncratic volatility follows the GARCH(1,1) model with the parameters calibrated from the real data by Engle (2001) . We repeat our simulations and find our results qualitatively unchanged. Table 8 and 9 report the Sharpe ratios when N = 10 and 25, respectively.
Using Certainty-Equivalent Return (CER) instead of Sharpe ratios do not change our results qualitatively. One advantage of the Sharpe ratio over the CER is that the CER depends on the risk-aversion coefficient whereas the Sharpe ratio does not. We compare our portfolio rules using CER, and find similar results. For instance, Table 10 and 11 report the CertaintyEquivalent Returns from 10 investable assets when the risk-aversion coefficient of 1 and 3, respectively. Tu and Zhou (2011) compare the CER under non-zero mispricing, and find the mean-variance strategies dominating the 1/N rule. However, it is less clear whether their result comes from the risk-aversion coefficients or mispricing or both. We argue that non-zero mispricing by itself is strong enough for mean-variance strategies to outperform the 1/N rule.
We have also looked at the sensitivity of our results to the choice of simulation parameters, and found our results qualitatively unchanged under a broad set of parameters. To be specific,
We have considered deviations from the benchmark model up to 50%, the number of months up to 6000, and the number of securities up to 1000.
Conclusion
In this paper, we investigate the relative merits of the 1/N rule and a broad set of meanvariance strategies through the lens of the mispricing relative to a cross-sectional asset pricing The excellent performance of the 1/N rule no longer holds when the underlying factor model does not capture the cross-sectional differences in average returns. The mean-variance rules make use of the mispricings, whereas the 1/N rule does not. When the number of securities N is large, although the sample-based mean-variance rules require more estimated parameters as inputs, they have more opportunities to exploit mispricings. This tradeoff does not guarantee the excellent performance of the 1/N rule -which effect is stronger comes down to an empirical question. Our simulations show that, given sufficiently large mispricings, an increase in N will cause the mean-variance rules to outperform the 1/N rule.
Our simulations also show that, as the magnitude of the mispricing grows, most samplebased mean-variance strategies are able to outperform the 1/N portfolio even at short horizons. This result implies that the benefit from increasing expected returns through mispricing exploitation can be large for mean-variance portfolios. The only exception is the minimumvariance type of portfolios. Because the minimum-variance portfolios are designed to achieve the lowest variance but not necessarily a high Sharpe ratio, they do not outperform the 1/N rule. We also confirm our simulation findings using actual data.
We illustrate that the performance of asset pricing models can be related to the effectiveness of mean-variance strategies. The better an asset pricing model is able to capture the variations in average returns in a set of investable assets, mispricings would be small, and the worse the sample-based mean-variance strategies will do relative to the 1/N rule. The sample-based mean-variance strategies exploit mispricings, but the mispricing itself may contain sampling variation. As a result, Bayesian methods that take into account the uncertainty associated with mispricing estimates may be an interesting area for future research.
Our paper has an important implication for the investors facing portfolio choice decisions.
Many investors have found the mean-variance portfolio optimizations difficult to implement in practice because they are highly sensitive to inputs. In response, some investors shy away from mean-variance analysis completely. We find that the mean-variance analysis has its merits. In practice, often asset-pricing models are not able to capture all of the cross-sectional variations in average returns. Our work shows that under these circumstances, there is a role for the sample-based mean-variance strategies -they are likely to capture the mispricing and improve the portfolio performance. (2000) dm (2000) We report monthly Sharpe ratios (in %, for ease of exposition) for 12 portfolios forms on combinations of FamaFrench factors as well as factor-based and industry portfolios, July 1963 through December 2015. N=3 corresponds to portfolios formed using the French (1992, 1993) factors. N=4 uses the Carhart (1997) factors. N=21 uses 20 portfolios formed on size and value ratios, plus the market factor. N=23 uses 20 size and value portfolios plus the French (1992, 1993) factors. N=28 uses the 25 size and book-to-market portfolios, plus the French (1992, 1993) factors. N=52 uses 49 industry portfolios plus the French (1992, 1993) We report monthly Certainty-Equivalent Return (CER) (in %, for ease of exposition) for 12 portfolios formed with 10 assets. Returns are simulated from the market model: Equation (1) 
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